Abstract. We provide some new necessary and su cient conditions which guarantee arbitrary pole placement of a particular linear system over the complex numbers. We exhibit a non-trivial real linear system which is not controllable by real static output feedback and discuss a conjecture from algebraic geometry concerning the existence of real linear systems for which all static feedback laws are real.
Preliminaries
Let F be an arbitrary eld and let m; p; n be xed positive integers. Let A; B; C be matrices with entries in F of sizes n n, n m, and p n respectively. Identify the space of monic polynomials having degree n, s n + a n?1 s n?1 + + a 1 s + a 0 2 F s];
with the vector space F n . In its simplest form, the static output pole placement problem asks for conditions on the matrices A; B; C which guarantee that the pole placement map (A;B;C) : F mp ?! F n ; K 7 ?! det(sI ? A ? BKC) (1) is surjective. A dimension argument shows the necessity of mp n. This question has been studied intensively and we refer to the survey articles 4, 14] and the recent papers 9, 10, 12, 13, 19, 20] for details. We summarize some of the most important results.
A matrix pair (A; B) de The necessary conditions mp n, controllability, and observability are not sucient to guarantee arbitrary pole assignability. When p = 1, the following straightforward lemma provides exact conditions for arbitrary pole assignability over any eld (1) is surjective if and only if n 1 (s); : : : ; n m (s) span the vector space of polynomials of degree at most n ? 1.
One readily establishes a similar result when m = 1. Lemma 1.2 gives algebraic conditions on the set of systems parameters. To make this precise, identify the set of matrices (A; B; C) having xed sizes n n, n m, and p n with the vector space V := F n(n+m+p) . Recall that a subset G V is generic if a non-trivial polynomial vanishes on its complement V nG. Thus Lemma 1.2 implies that if p = 1 and m n, then the set of systems which can be arbitrarily pole assigned forms a generic set.
Since non-controllable systems (A; B; C) cannot be arbitrarily pole assigned, pole placement results are often restricted to a generic class of systems. If the base eld F is the real numbers R or the complex numbers C , then a generic set G V is open and dense with respect to the usual Euclidean topology, and its complement V n G has measure zero.
If the pole placement map is surjective for a generic set of systems and some xed base eld F we will say in short that is generically surjective. The major results are as follows: 
Since mp n is necessary for to be surjective, Theorem 1.3 gives the best possible bound when the base eld F is algebraically closed.
The number d(m; p) is the degree of the Grassmann variety, which was computed in the last century by Schubert 15] . Although the real numbers R are not algebraically closed and Theorem 1.3 therefore does not apply one still has the following Corollary: Corollary 1.4. If F = R, mp = n, and d(m; p) is odd, then is generically surjective.
Proof. If (A; B; C) are real matrices then the set ?1 ( ) is closed under complex conjugation for every closed loop polynomial 2 R n . Therefore, for a generic set of systems, ?1 ( ) contains a real point for each .
As an example, consider the case F = R, m = 2, p = 3 and n = 6. Here, d(2; 3) = 5. At least one of the 5 points ?1 ( ) is real, so is generically surjective even over the reals.
Berstein determined when d(m; p) is odd. When d(m; p) is even, the best known su ciency result over the reals is due to Wang: Theorem 1.6 (Wang 19] ). If F = R and mp > n, then is generically surjective.
For an elementary direct proof of this important su ciency result we refer to 12]. For generic surjectivity over the reals, there is a di erence of one degree of freedom between su ciency (mp > n) and necessity (mp n). As It has been conjectured by S.-W. Kim that m = p = 2, n = 4 is the only case where mp = n is not a su cient condition for to be generically surjective over the reals. In the next section we exhibit a counterexample.
Main Results
The result by Brockett and Byrnes provides a su ciency result for a generic set of systems. We provide exact conditions which guarantee that a particular plant ( A; B; C) is arbitrarily pole assignable. Our approach is geometric, utilizing the central projection of the Grassmann variety induced by the pole placement map 3, 20] . Conversely, if dim E ( A; B; C) = N ? n ? 1, then L ( A; B; C) is surjective. Let 2 P n be any closed loop polynomial and y 2 P N satisfy L ( A; B; C) (y) = . Then necessarily y 2 F N , and condition(5) guarantees that there exists P 2 Grass(m; F m+p ) with L ( A; B; C) (P ) = . But then P is the row space of ?K I], for some compensator K.
Hence ( A; B; C) (K) = .
Remark 2.2. A system ( A; B; C) is nondegenerate if E ( A; B; C) \Grass(m; F m+p ) = ;.
In 3] it was shown that nondegenerate systems can be arbitrarily pole assigned and that the set of nondegenerate systems forms a generic set if and only if mp n.
The remainder of the paper is concerned with the question of when the condition mp = n is also su cient for the pole placement map to be generically surjective ?K I = 0 (7) as s ranges over the roots of generate the ideal of~ ?1 ( A; B; C) ( ) in C mp . We used the software package SINGULAR 7] to compute an elimination Gr obner basis 5] of this ideal and verify that~ ?1 ( A; B; C) ( ) is zero-dimensional with degree 14. This calculation on the system(7) requires 59 seconds of CPU on a HP 9000 D250, 800 Series computer.
This Gr obner basis contains a univariate polynomial, the eliminant, whose roots are the values of that variable for the solutions. We used the realroot routine of Maple to determine the number of real roots of the eliminant and fsolve to compute its roots numerically. Since we only obtain one coordinate of each solution, we repeated this procedure to nd the others and to match the coordinates with the solutions.
Here are numerical solutions of the system(7). The row span of the matrix D(s) j N(s)] equals the row span of a matrix P(s) of real polynomials, where 1. The rst row of P(s) is a basis for all polynomials of degree at most m + p ? 1 and therefore de nes a non-degenerate rational curve of degree m + p ? 1.
2. For 1 j < p, the (j + 1)st row of P(s) is the derivative of the jth row of P(s). Thus the Conjecture of Shapiro and Shapiro proposes a family of real systems ( A; B; C) for which~ ?1 ( A; B; C) ( ) consists of exactly d(m; p) real solutions, whenever has all real roots.
